A semiclassical approximation to the S-Matrix of the Infinite-Order-Sudden approximation is introduced. This is employed to yield for the energy-transfer effective cross section a purely classical approximation, analogous to the Mason-Monchick approximation for traditional collision integrals. Constraints on energy and on angular momentum transfer are included. Numerical evaluation of this new approximation can readily be performed alongside that for traditional collision integrals. The new result is tested against full classical trajectory calculations for six potential-energy surfaces for the collision systems H-N2, He-N2, He-CO and Ar-CO2. Differences of no more than 15% from the classical trajectory calculations have been obtained.
I. INTRODUCTION
The calculation of transport properties of atoms which interact through a spherical potential is relatively simple.
1 This is primarily because quantal effects are generally unimportant and the only dynamical quantity of interest classically, the scattering angle, can be obtained by quadrature. However, for molecules, where interactions are non-spherical, the calculation of transport properties is much more difficult, even classically, since the complete trajectory for all the dynamical variables involved must be followed in time. For the simplest case, an S-state atom interacting with a molecule approximated as a linear rotor, the system has five degrees of freedom with only two conserved quantities, apart from the total energy. While determining the classical trajectories and hence the transport properties, given the potential energy surface, is now feasible for atom-diatom and pure linear molecule systems 2-6 the calculation is very much longer than for spherical systems.
Before a full dynamical solution for problems involving molecules was computationally feasible, Monchick and Mason 7 (MM) introduced an approximation 8 generalising to molecular systems the collision integrals 1 used for spherical systems. In this approximation they simply 'froze' the orientation variables in the potential surface and described the collision as for spherical systems and then averaged over all possible orientations. Physically it seems appropriate to regard this 'frozen' orientation as that at the point of closest approach. About fifteen years later Parker and Pack 9 showed that this MasonMonchick approximation for collision integrals was simply the classical limit of the Infinite-Order Sudden (IOS) approximation 10,11 of quantal inelastic scattering. A variety of comparisons have shown that for collision integrals the MM approximation generally differs from full calculations by no more than 10% and is often in much better agreement. Modelling of flames and other high-temperature gases requires a knowledge of thermal conductivity and thermal diffusion and these require a knowledge of energytransfer collisions. While rotational relaxation measurements can be employed to estimate these cross sections, such measurements are notoriously difficult and are essentially unavailable for radicals. Relatively crude approximations are often all that are available for use in combustion databases.
For energy-transfer cross sections required for the thermal conductivity and rotational relaxation of molecular gases there is no simple classical extension of the MasonMonchick approximation, although such cross sections can be determined in the quantal IOS approximation. Hence there is interest in simple ways of determining energy-transfer cross sections from known potential energy surfaces. These surfaces can be calculated relatively cheaply nowadays for small systems.
Here we show that a classical approximation can be obtained in the spirit of the Mason-Monchick approximation. This new result requires only quadratures and needs but a modest extension to existing MM codes. This approximation is easily derived as the classical limit of the corresponding quantal IOS expression. Comparisons have been performed 17 previously between benchmark classical trajectory and quantal close-coupling calculations for the energy-transfer effective cross section for He-N 2 collisions. Differences falling off steadily with increasing temperature from 3.5% at 100 K to 1% at 500 K were obtained so the neglect of quantal effects should not be serious.
In this initial study we concentrate on the simplest case: atom-diatom collisions, though the method can be extended to more complex systems.
II. THEORY
A. Derivation from the IOS approximation.
We recall the IOS result for the S-Matrix element for a transition induced by an atom between the |jm and |j m rotor states:
where E and b are the collision energy and impact parameter, respectively, θ is the angle between the rotor axis and the atom-molecule line and · · · · · · denotes a 3 − j symbol. The phase shift, η, is given, in the WKB approximation, by
where R 0 is the largest root of the first integrand, µ denotes the atom-diatom reduced mass and V (R, θ) the atom-diatom potential energy surface. Here we have introduced the classical description of the relative motion in terms of E and b, rather than the quantal description in terms of the wavenumber, k, and angular momentum quantum number, l, as specifically quantal effects in the relative motion are relatively unimportant. We see from Eq. (1) that, within the IOS approximation, all the dynamical information is contained in the 00 → J0 amplitude. This can be written
where P J (x) denotes the J th Legendre polynomial. We now employ the large-J approximation for P J (cos θ):
Substituting this into Eq.(3) we obtain
The integrals can now be evaluated using the stationaryphase approximation. 19 The stationary-phase condition is
where θ 0 (J) denotes the orientation where the angularmomentum transfer is ±(J + 1/2) . If there are multiple roots of this equation they are denoted θ 0 (J), = 1, 2, · · · . From Eq. (5) we see that the magnitude of the angular-momentum transfer is simply the time integral of the magnitude of the torque on the molecule, evaluated on a trajectory in the spherical potential V (R, θ 0 ). From Eq.(4) S is given by
where the phase depends on the sign of the second derivative. Neglecting interference we obtain for the probability of a 0 → J transition
where now we take Eq. (5) as defining J(θ 0 ) as a function of the orientation θ 0 . Evaluating the mean energy transfer, ∆E(0), to a rotor initially in its ground state:
where I denotes the moment of inertia of the molecule. In converting the sum to an integral in Eq. (8) we have assumed a hetero-nuclear target. It is straightforward to show that Eq. (9) is also obtained for a homonuclear target.
B. Thermal Average
In the standard notation for atom-molecule effective cross sections, 20 the thermally averaged cross section for energy transfer to molecule A due to collisions with atom B is written as S(0001|A) AB , which we abbreviate to S(0001), as there is no opportunity for ambiguity. This cross section can be written, following Curtiss and Tonsager 21 :
where k B denotes Boltzmann's constant, T the temperature, E rot the initial rotational energy and ∆E(E rot ) the energy transfer to a rotor with initial rotational energy E rot . In any sudden approximation Shimamura
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has shown both classically and quantally (in the context of electron-molecule collisions) that the energy transfer cross section is independent of the initial rotational energy, consistent with the orientation of the molecule being effectively stationary during the collision. No additional approximations beyond the sudden approximation, already assumed in the IOS approximation, are required. Hence
. (11) III. RESULTS
The effective cross section S(0001; T ) has been calculated using eqs. (9) and (11) and hence this study necessarily assumes that the sudden approximation, ∆E(E rot ) = ∆E(0), holds for all the rotational levels in the thermal distribution. Results have been obtained for the systems H-N 2 ,
6 He-N 2 23 (both with two potential surfaces), He-CO 4 and Ar-CO 2 , 24 for all of which full classical trajectory results are available. These systems span a range of degrees of suddenness and of the relative importance of the short-and long-range regions of the potential surfaces. The potential well of the Ar-CO 2 system is about an order of magnitude deeper than those for any of the other systems considered, where the well depths are similar. Comparisons with measured values of S(0001; T ), where available, have been reported in the earlier classical trajectory papers and are not repeated here as our primary interest is in the accuracy of the new dynamical approximation.
Calculations have employed an extension of the atomatom transport code of O'Hara and Smith, 25,26 modified for atom-diatom systems by Dickinson and Richards 27 . The calculation of J from Eq.(5) employs the same changes of variable as that for the angle of deflection. Numerical results for J(E, b, θ) have been checked against the analytic results in the straight-line limit for scattering by the model potential
6 } , z = R/R m , where and R m are characteristic values of the well depth and well minimum, respectively, and a 6,2 is a constant.
A. Constraint factors
The IOS approximation cannot conserve total energy, since the translational and rotational energies are decoupled. Hence it is possible for the energy transfer calculated using [J(θ) + 1/2] 2 /2I to exceed the initial translational energy. To minimise the effect of this problem, for each value of E, b and θ our calculations employ for the energy transfer the smaller of [J(θ) + 1/2] 2 /2I and a factor, the energy constraint factor, times the initial energy, E.
Similarly, conservation of angular momentum in the IOS approximation can always be obtained by a suitable choice of the final value of the orbital angular momentum. However, in practice, the magnitude of the angular momentum transfer is unlikely to exceed the magnitude of the initial angular momentum. McCaffery 28, 29 has emphasised the importance of this constraint in his discussions of rotationally inelastic collisions. We have investigated restricting the angular momentum transfer to the smaller of J, as calculated from Eq. (5), and a factor, the angular momentum constraint factor, times the initial orbital angular momentum, l = b √ 2µE. Factor   FIG. 1 : Root-mean-square fractional deviations between MM and CT values for S(0001) for the four potential energy surfaces indicated, as functions of the constraint factors: (a) varying energy constraint factor, angular momentum constraint factor set to one; (b) varying angular momentum constraint factor, energy constraint factor set to one.
We show in Fig. 1 plots of the root-mean-square (RMS) fractional deviation of MM values for S(0001) from the corresponding CT values as functions of the value of both the energy constraint factor, in part (a), and of the angular momentum constraint factor, in part (b). The source of the CT results for each system is given below. In each case the value of the other constraint factor is set to one. In both plots the RMS value has been averaged over the range of temperatures for which the CT results were available. For the H-N 2 and the He-N 2 results the more anisotropic surface has been employed: HFD1 30 and that due to Stallcop et al. 31 , respectively. Broadly the RMS errors increase from H-N 2 , through comparable values for He-CO and He-N 2 , to the largest values for Ar-CO 2 . This behavior can be associated with the varying suddenness of the collisions, see section IV. While the behavior of the errors is similar as both constraint factors are varied, we have concentrated on the energy constraint factor since energy transfer is the property of interest. From Fig. 1(a) we see that with the value of the angular momentum constraint factor set to one, a value of 0.4 for the energy constraint factor gives near-optimum agreement for all four systems studied.
We discuss the results in more detail for each system in turn. Here we have calculated MM results for the potential surfaces of Stallcop et al. 31 and of Poveda and Varandas 32 . Classical trajectory results are from the calculations of Dickinson et al. 6 Comparisons between MM and CT results are shown in Fig. 2 . While at lower temperatures, below about 800 K, the unconstrained results (labelled u) greatly exceed the CT values, as the temperature increases the importance of the constraints decreases. For both surfaces the MM results with the value of the angular momentum constraint factor set to one are insensitive to the energy constraint factor used (see Fig.1(a) ) so only results with this value of the angular momentum constraint factor and with the value of the energy constraint factor set to 0.4 are shown (denoted 0.4j). With no angular momentum constraint, but with the value of the energy constraint factor set to one (denoted 1u), the results are close to those with the angular momentum constraint factor of one. For both surfaces the MM results with the value of the angular momentum constraint factor set to one and with the value of the energy constraint factor set to 0.4 are within 10% of the full CT values at temperatures above about 200 K. For this system we have used both the early HartreeFock damped dispersion (HFD1) surface of McCourt et al. 30 and the more recent ab initio (HT) surface of Hu and Thakkar 33 . Classical trajectory results for the HFD1 surface are from Dickinson and Lee 34 and those for the HT surface are from Dham et al. 23 Comparisons are shown in Fig. 3 . For both potential surfaces the unconstrained results are indistinguishable from those withthe value of the energy constraint factor set to one with no angular momentum constraint and so only the unconstrained results are shown (denoted uj). These are, however, nearly twice the CT results. Consistent with this insensitivity to the value of the energy constraint factor, using the angular momentum constraint factor of one alone and along with an energy constraint factor of one give indistinguishable results and only those with the value of the angular momentum constraint factor set to one alone are shown. This angular momentum constraint reduces the MM error to about 50%. Including the angular momentum constraint factor of one and the energy constraint factor of 0.4 the results for both potentials are within about 15% of the full CT results above 200 K. 
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Other labels as in Figs. 2 and 3.
For this system we have used the ab initio surface of Heijmen et al. 35 Classical trajectory results from McCourt et al. 4 have been employed. Comparisons are shown in Fig. 4 . Here the unconstrained results exceed the CT values by about 50%. Constraining the energy transfer to the initial value has no significant effect and so is not shown. Constraining the value of the angularmomentum transfer factor to one does lead to a significant reduction, by about 25%. In addition simultaneously constraining the energy transfer to the initial value makes negligible difference and again is not shown. With the value of the energy scaling factor set to 0.4, and the value of the angular momentum constraint factor set to one, the results are within 10% of the CT results at all the temperatures shown.
E. Ar-CO2
For this heavier system we have used the 'singlerepulsion' surface of Hutson et al. 36 Classical trajectory results from Roche et al. 24 have been employed. Comparisons are shown in Fig. 5 . The MM results with no constraints greatly exceed the CT results. Constraining either the energy transfer alone or the angularmomentum transfer alone to the initial values has rather similar effects, reducing the MM cross section by about 25%. Imposing both constraints reduces the cross section by about a further 10%. Using the value of the energy-scaling factor set to 0.4, along with the value of the angular-momentum constraint factor set to one, leads to satisfactory agreement with the CT results, with differences not exceeding about 15% for temperatures above 250 K.
The strong dependence on the scaling factors suggests that the IOS/MM approximation is overestimating substantially the energy and angular momentum transfer. For traditional collision integrals the IOS/MM result was found 12 to be significantly poorer than for He, Ne and Ar-N 2 systems. Also, in comparison with quantal closecoupling calculations, the Coupled-States approximation, one component of the IOS/MM approximation, 10,11 was found to be breaking down for room-temperature inelastic and pressure-broadening cross sections for this system.
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IV. DISCUSSION AND CONCLUSIONS
In atom-linear-molecule collisions the MM approximation is generally very accurate for diffusion and viscosity effective cross sections. These cross sections have the property of being dominated by the isotropic component of the potential surface. For this component the MM approximation is exact and the errors due to the approximation show up only in the relatively small anisotropic contribution to the cross section. Also the principal factors entering the integrand for the cross section are typ-ically of the form sin 2 Θ, where Θ denotes the angle of deflection. The sensitivity to errors in Θ is necessarily limited since the value of sin Θ is bounded.
By contrast, when calculating the mean energy transfer the isotropic potential makes no contribution and there is much greater sensitivity to any error in the angularmomentum transfer, ∆J, as this enters as ∆J 2 . Hence the conditions for the use of the MM approximation are much less favourable and it is important to employ any additional information available, such as energy and angular momentum constraints. Results with and without these constraints have been presented to illustrate that in some cases the use of these constraints is desirable.
While estimating the degree of suddenness of a collision is necessarily imprecise, one approach is through the Massey adiabatic criterion, depending on the value of the dimensionless parameter z = ωb/v. Here we take ω to be the classical rotational angular frequency of the most populated rotational level and v to be the mean speed, both at a common temperature. For a characteristic impact parameter we use the internuclear separation, R m , of the global minimum in the atom-molecule potential energy surface. Thus the value of z compares, roughly, the rotor period with the collision time. Evaluating z we find z ≈ µR 2 m I .
Note that this is independent of temperature as ω and v depend on temperature in the same way. However it must be remembered that the thermal average always involves a contribution from high j values and low v values where the sudden approximation breaks down. For the systems considered here z ≈ 1.3 for H-N 2 and about 2.3 for the remainder. The general improvement in the approximation as the temperature increases, despite z being independent of temperature, can be associated with the increasing importance of short-range forces for the more heavily weighted high-energy collisions. Shortrange forces give more impulsive collisions than longrange forces. Also the Centrifugal-Sudden component of the IOS approximation 10,11 is generally more successful for short-range forces. Despite its limitations, this approach gives some understanding of the variation of accuracy of the approximation across these systems.
We note that this new MM approximation gives, for the cases where two potential energy surfaces have been considered for the same system, the relative values for the surfaces more accurately than their absolute values. We note also that the approximation is working quite successfully for cross sections varying by about an order of magnitude between those for H-N 2 and those for Ar-CO 2 .
Overall, given an atom-linear-molecule potential energy surface, this approximation provides a quick and easily implemented way of estimating the energy-transfer cross section with useful accuracy. Investigation of its accuracy for molecule-molecule collisions is planned.
